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Abstract-This paper presents a finite element approach for nonlinear vibration analysis of Timo­
shenko pipes conveying fluid. An approach using the concept of fictitious loads to account for the
kinematic corrections was applied to establish the finite element model, without the need to establish
the nonlinear equations of motion. Computation of system responses was carried out by iteratively
updating the nodal coordinates until convergence was reached. The formulation and implementation
of the approach were verified first by comparing the analysis results with those available in the
literature for the case of both slender and short beams undergoing static large deformations and
the case of flow induced vibration of a slender cantilever pipe with supercritical flow speeds. Limit
cycle and its associated vibration amplitude for the flow induced vibration problem were discussed.
Further analysis was conducted for assessment of the effects of flow speed and fluid/pipe mass ratio
on the limit cycle vibration amplitude. The influence of slenderness ratio on the limit cycle amplitude
was also reported. C!:) 1997 Elsevier Science Ltd.

INTRODUCTION

The dynamic behavior of pipes conveying fluid has received considerable attention in the
past. Many articles have been reported in the literature for linear analysis of the flow
induced vibration problems (Housner, 1950; Long, 1955; Paidoussis, 1966 and 1975;
Paidoussis and Laithier, 1976; Paidoussis et al., 1986; Chu and Lin, 1995). Linear models
were used in the past to evaluate the relationship between the critical flow speed and system
parameters. The analysis results from the linear models are in serious error when the flow
speed is above the critical one and the structure undergoes large deformations (Holmes,
1978). Therefore, nonlinear analysis of pipes conveying fluid due to supercritical flow speed
becomes a very important issue to be addressed.

Rousselet and Herrmann (1981) examined dynamic behavior of slender cantilever
pipes conveying fluid near critical velocities, For supercritical flow speeds, some of the
nonlinear terms discarded in their analysis should be re-examined due to very large ampli­
tudes of motion, Edelstein et aI, (1986) applied a Galerkin finite element scheme for
cantilever pipes conveying fluid with flow velocities larger than the critical value. The
classical Bernoulli-Euler beam theory is considered, The scheme requires the correct use of
a penalty parameter, which is problem dependent, to ensure numerical stability. Kohnke
(1978) presented a procedure for static large deformation analysis of slender frame struc­
tures by using the concept of fictitious loads. The static deformation of the structures can
be computed by iteratively updating the finite element nodal coordinates, without the need
to formulate the nonlinear strain-displacement relationships. In this paper, the concept of
fictitious loads is extended for dynamic analysis of cantilever pipes conveying fluid with
supercritical flow velocities. The Timoshenko beam theory, which accounts for the effects
of shearing deformations and rotary inertia, is considered so that more accurate analysis
results than those computed using the classical Bernoulli-Euler beam theory can be obtained
in the case of short pipes. In the present approach, no selection of penalty parameter is
required. To the authors' knowledge, the present analysis is the first numerical endeavor
for nonlinear vibration analysis of Timoshenko pipes conveying fluid by using the simple
linear element, without the need to tackle the nonlinear strain-displacement relationships.

The fictitious load approach for nonlinear dynamic analysis requires iterative evalu­
ation of the linear model. The model development of Timoshenko pipes conveying fluid is
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Fig. I. A two-node Timoshenko frame element with three degrees of freedom per node.

given in the following section, and the procedure for nonlinear dynamic analysis is addressed
subsequently. Numerical examples are given to validate the formulation and implemen­
tation of the present approach and the effects of fluid mass to pipe mass ratio, slenderness
ratio, and fluid flow speed are examined.

MODEL DEVELOPMENT

For static analysis of beams considering the effect of shear deformation, a straight
forward energy minimization approach was reported by Narayanaswami and Adelman
(1974), which yields correct finite element characteristics without using additional finite
element nodal degrees of freedoms. A traditional cubic polynomial can still be used to
describe the transverse displacement. The approach is briefly described below for com­
pleteness, with additional consideration of the longitudinal effect for large deformation
analysis in this work. Extension of the approach for dynamic analysis, taking into account
the effect of rotary inertia, is presented subsequently.

Constant shear strain within a cross-section is assumed and is described as:

OW
y=--(}ox (1)

where W denotes transverse displacement of the beam, (} the cross section rotation, and y
the shear strain.

A Timoshenko frame element with two nodes and three degrees of freedom per node
is shown in Fig. I. The displacement fields within an element are interpolated as

where

in which
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where
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(2d)

(2e)

(2f)

and LNj, LNj, and LU j denote 1 x 6 row vectors representing shape flllctions for trans­
verse displacement, cross-section rotation, and longitudinal displacement, respectively;
{dl } e is the element nodal degrees of freedom vector; a is the beam element length; EI is
the bending rigidity; k is the shear coefficient; G is the shear modulus; A is the cross-section
area of the beam element; and x is the coordinate along the longitudinal direction of the
beam element.

The strain energy including the shear effect for a beam element of length, a, can be
described as:

I ra (ae)2 1 ra (au)2 1 ra

Ve =:2 Jo EI ax dX+:2 Jo EA ax dX+:2 Jo kGAy
2 dx. (3)

The pipe element stiffness matrix can be obtained directly from the description of
strain energy by substitution of eqns (1) and (2) into eqn (3)

(4a)

where

(4b)

represents the effect due to bending strain,

(4c)

describes the effect due to axial strain, and
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(4d)

accounts for the effect due to shear strain. The subscript x denotes partial differentiation.
For dynamic analysis of a short, sturdy pipe considering both the effects of shearing

deformations and rotary inertia, the mass matrix including these effects needs to be deter­
mined in addition to the previous development. Using the shape functions described pre­
viously, the kinetic energy of the beam can be written as:

1 ra (aW)2 1 ra (au)2 I ra (a8)2
Te = 2Jo mp at dx+ 2Jo mp at dx+ 2Jo ppI at dx, (5)

where mp , Pp , and I are the mass per unit length, mass per unit-volume, and area moment
of inertia of the pipe, respectively. Substituting the shape functions and knowing that they
are functions of x only, the pipe element mass matrix can be obtained:

(6a)

where [mIle and [male represent the traditional mass matrices for transverse and axial inertia
effects, whereas [mrl e describes the additional rotary inertia effect. These three matrices
combined to form the element mass matrix, which can be written as

[mIle = J: LNf mpLNJ dx,

[male = J: LVf mpLVJ dx,

and

(6b)

Structural damping within the pipe is considered small and hence is neglected. The
effects of moving fluid are treated as external forces on the support pipe. The forces turn
out to be dependent on the system nodal variables and comprise the centrifugal, Coriolis,
and translational inertia forces for a pipe conveying fluid with a constant flowing speed.
The element mass, damping, and stiffness matrices for the fluid moving at a constant speed
v can be obtained by considering the virtual work done by the fluid forces (Chu and Lin,
1995), with additional consideration of the axial inertia for large deformation analysis of
the fluid conveying pipe.

[mJle = mtJ:LNfLNJdx+mJ J:LVfLVJdX+P/t J:LNfLNJdX,

[efle = mtu J:(LNfLNxJ-LNxfLNJ)dX,

[ktl e = -mfv
2 J: LNxfLNxJ dx, (7)

where mt, PJ' and If denote the mass per unit length, mass per unit volume, and area moment
of inertia of the fluid, respectively. Note that eqn (7) represents a more concise form for
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fluid element matrices than that shown in the work by Chu and Lin (1995) by performing
additional integration by parts for the original expressions.

PROCEDURE FOR NONLINEAR DYNAMIC ANALYSIS

Eulerian approach is used in this analysis, which does not require the evaluation of
nonlinear strain-displacement relationships. The nodal coordinates are updated during the
course of computation. Kinematic corrections due to the large deformation of the pipe are
accounted for using the fictitious loads. Equations (4), (6), and (7) can be combined to
form the dynamic equations of motion in the local coordinate:

(8a)

where {rl} e and {j;} e denote the external loads, if any, and the fictitious loads on the beam
element, respectively, and

[mile = [mp]e + [mf]"

[cile = [ef]"

[kile = [kp]e + [kf]e. (8b)

The expressions in the local coordinates can be transformed to the global ones and
combined to form the final equations of motion for the entire structure:

where

[M]{D} + [C] {D} + [K]{D} = {R} + {F}, (9a)

n

[M] = I [IlJ[m']e[TL,
j~ I

n

[K] = I [T]J[k/]e[Il j ,
j~ I

n

[F] = I [TJT{j;L,
j~ 1

n

[C] = I [IlJ[e']e[TL,
j~1

n

[R] = I [IlJ{r,L,
j~ 1

(9b)

in which n is the number of elements used and the coordinate transformation matrix is
given as:

cos (Jj sin (Jj 0 0 0 0

- sin (J, cos (Jj 0 0 0 0

0 0 I 0 0 0
[Il, =

0 0 0 cos (Jj sin (Jj 0
(9c)

0 0 0 - sin (Jj cos (Jj 0

0 0 0 0 0 I

The procedure for computing the fictitious loads for Bernoulli-Euler beams as reported
by Kohnke (1978) is extended here with the additional consideration of shear effect. The
fictitious loads can be shown to be:



2950 Yih-Hwang Lin and Yau-Kun Tsai

-=:!1R- (6-sin6)
(o'+12g)

~(6-Sin6)X
(o'+12g)

AE(1-eos6)

-AE(1-eos6)

Fig. 2. Local fictitious loads on a Timoshenko frame element.

where

- AE(1 - cos B)

12EI .
---(B- smB)
(a2 + 12g)

6aEI .
---(B- smB)
(a 2 + 12g)

AE(1- cos B)

-12EI
--- (B - sin B)
(a2 + 12g)

6aEI .
---(B- smB)
(a 2 + 12g)

(10a)

{u/} = {O 0 B-sinB a(1-cos B) 0 B-sinB}T. (lOb)

Figure 2 illustrates the local fictitious loads on an element with an arbitrary orientation.
Relative Euclidean norm error in displacements is used to check for convergence, which is
defined as

(11)

where the superscripts i and i-I denote the present and the previous computed displace­
ments, respectively. Convergence is considered achieved if the error is less than a small
quantity 6. In this work, 6 is chosen to be 10-6

. Figure 3 illustrates the general procedure
for nonlinear vibration analysis of pipes conveying fluid.

NUMERICAL RESULTS

Before commencing the study for dynamic analysis, a static analysis test was conducted
to validate the formulation and implementation developed in this work. In Fig. 4 are shown
the tip displacements of a cantilever beam with rectangular cross-section subjected to a tip
load. The geometric nonlinearity due to large deformation was considered. Linear solutions
were included for the purpose ofcomparison. For slender beams, where the Bernoulli-Euler
theory is applicable, exact solution is available using the elliptic integral. For short beams,
the general purpose finite element package, ANSYS (1995), was used to compute the results
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Fig. 3. Flow chart for nonlinear dynamic analysis of pipes conveying fluid.
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for comparison. The length to height ratio was taken to be 3 for the short beam case. A
total of eight elements was used with the element type BEAM23 being selected. As can be
seen in Fig. 4, the analysis results from the present work are in excellent agreement with
those computed from exact analysis for slender beams and from ANSYS for short beams.

In this study, the flutter behavior of a cantilever pipe conveying fluid was examined.
The numerical data, as used in the earlier work by Edelstein et al. (1986), for analysis of a
slender cantilever pipe are: 9.525(10- 3

) m 0.0., 1.5875(10- 3
) m wall thickness and 0.6858 m

length. Young's modulus is 2.5217(108
) Pa and the tube and fluid mass densities are 852.59

kgjm3 and 1000 kgjm3
, respectively. When the fluid flow speed exceeds the critical one,

vibration of the pipe grows until a periodic limit cycle is reached. The vibration amplitude
and frequency of the limit cycle are determined by giving the pipe an initial disturbance
and allowing the pipe vibration to reach a steady state, as illustrated in Fig. 5, where the
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Fig. 5. Tip response of the cantilever pipe at a flow velocity 24.4 mls with various initial tip
displacements. --, 0.005 m; ---,0.14325 m; -'-, 0.26855 m.

tip vibration of the pipe is given with various levels of initial disturbance. The associate
phase plane plot is shown in Fig. 6. As can be seen, after only a few cycles of oscillations
the pipe reaches the limit cycle due to the supercritical flow velocity. It takes less time for
the system response to reach the steady state limit cycle with a larger initial disturbance. If
the initial disturbance amplitude is larger than the limit cycle amplitude, the system response
is still attracted to the same amplitude of limit cycle, that is the amplitude of limit cycle
remains the same disregarding the initial disturbance amplitude as long as it is within the
elastic range.

In Figs 7 and 8 are shown the present analysis results in comparison with those
obtained by experiments (Chen and Jendrzejczyk, 1985) and by the Galerkin scheme
(Edelstein et al., 1986). The pipe is difficult to excite at subcritical flow velocities. Large
oscillations occur as the flow velocity is increased to the intrinsic flutter flow velocity. Large
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oscillations of the pipe do not stop at the intrinsic flutter flow velocity as the flow velocity
is decreased, but at a smaller flow velocity called excited flutter flow velocity (Chen and
Jendrzejczyk, 1985). The numerical results and the experimental data agree well quali­
tatively. The discrepancy may be attributed to some non-ideal conditions in experiment,
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such as non-rigid inlet end, internal fluid pressure, and flow field variations, etc. The overall
feature can be found to be in good agreement.

In Fig. 9 are shown the further assessments of the effects of flow speed and mass ratio
of fluid to the support pipe on limit cycle vibration amplitude, while taking into account
the influences of shear deformations and rotary inertia. The analysis results using the
classical Bernoulli-Euler beam theory are also included for reference. The dimensionless
quantities are defined as:
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_ r;;;; kGAL2

U= vL..jEi' A =----eI' (12)

where L is the pipe length; f3 is the mass ratio; U is the normalized flow speed; and A is
the slenderness ratio. As shown in Fig. 7, vibration amplitude for subcritical flow speed is
very small, and hence only the limit cycle amplitudes for supercritical speeds are given here.
As can be seen in Fig. 9, for a fixed flow speed, the vibration amplitude estimated using the
Bernoulli-Euler theory is smaller than that predicted using the more advanced Timoshenko
beam theory with various slenderness ratios. This is to be expected in that the former
classical theory assumes infinite shear rigidity and neglects the effect of rotary inertia, and
hence the system is stiffer than the actual one. Note that vibration amplitude increases
drastically once the flow speed exceeds the critical one. This is especially so for a system
with a higher mass ratio and a smaller slenderness ratio. The importance of using the
Timoshenko beam theory, as opposed to the classical Bernoulli-Euler theory, for predicting
the limit cycle behavior is more appreciated as the slenderness ratio becomes smaller.

CONCLUSIONS

A procedure has been presented to solve nonlinear vibration problems of Timoshenko
pipes conveying fluid. The approach is rather convenient to apply in that only linear
elements are required and the geometric nonlinearity due to large deformations can be
treated by including appropriate fictitious loads for kinematic corrections and by suc­
cessively updating the nodal coordinates. No explicit nonlinear strain-displacement
relationships need to be established, and the formulation of nonlinear structural matrices
to describe the equations of motion is no longer necessary. Numerical simulation results
from the proposed approach are in excellent agreement with those obtained from exact
solution for static large deformation analysis of a slender beam. As for short beam study,
excellent agreement has also been observed when compared with the ANSYS analysis.
Comparison of the analysis results from this work with those obtained from a previously
reported experiment and from a Galerkin approach reveals that the present procedure is
sound. The procedure presented in this paper is capable of analyzing fluid-conveying pipes
with supercritical flow speeds, taking into account the effects of shearing deformations and
rotary inertia.

Challenges still remain for dynamic analysis of pipes conveying fluid, despite the fact
that a considerable amount of articles has been generated in this field. For supercritical
flow speeds, the flow pattern may be quite complex and the fluid/structure interactions pose
an interesting and complicated problem to solve. Such effect is not included in the present
analysis and further dedicated research is called for to address such complex issue. Improved
accuracy may be obtained by considering the flow speed being coupled to the pipe motion
rather than a prescribed known parameter. By doing so, the governing equations of motion
for both the support pipe and the moving fluid become coupled due to large deformations.
A more advanced flow field representation may also be considered by applying the potential
flow theory, where the fluid dynamic forces are connected to the normal pressure on the
support pipe. The ultimate endeavor on the flow field is the determination of the turbulent
flow profile, whose connection to the large deformations of the support pipe is still not well
understood. As the slenderness ratio becomes smaller, two concerns arise. For thin-walled
pipes, thin shell theory and three-dimensional flow theory are required to accurately model
the system. For thick-walled pipes, the system may require the full equations of elasticity
theory for accurate modeling. Moreover, active/passive vibration control of fluid-conveying
pipes exhibiting excessive vibration is also a fascinating and important subject to explore.
Reports on the subject are scarce to date.
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